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Abstract—This paper analyzes the average bit error rate (BER) of
multiple-input–multiple-output (MIMO) systems in transmit-correlated
Rayleigh flat-fading channels. The receiver scheme is based on the min-
imum mean square error (MMSE) criterion, and the input may be pre-
coded to optimize the communication. Accurate closed-form formulations
for the average BER are derived.
Index Terms—Bit error rate (BER), correlated channel, Gamma
distribution, minimum mean square error (MMSE), multiple-
input–multiple-output (MIMO), signal-to-interference-plus-noise ratio
(SINR).
I. INTRODUCTION
Multiple-input–multiple-output (MIMO) techniques are adopted in
current wireless standards to improve their performance in terms of
capacity and bit error rate (BER). In this paper, we focus on linear
receiver schemes. Among these schemes, the minimum mean square
error (MMSE) receiver is a good choice, because it offers better
performance than zero forcing (ZF), avoiding the noise-enhancement
effect of ZF. In MIMO systems, the adaptation of the modulation at
the transmitter side according to the channel characteristics allows
for reducing the transmission power and/or enhancing the data rates
[1]. To do so, a closed-form expression is needed, relating the average
BER and the required transmission power for different candidate mod-
ulation schemes. Moreover, the transmitted signal may be optimized
under other different criteria using a precoder [2]. A closed-form
expression for the average BER is also useful, in general, for the
system design, even if adaptive modulation or precoding is not used.
In this paper, we analyze the performance of a general MIMO sys-
tem, with or without precoding, in transmit-correlated Rayleigh flat-
fading channels with an MMSE receiver. Our analysis will be based
on the signal-to-interference-plus-noise ratio (SINR) distribution. It is
proved in [3] that the SINR after a ZF receiver is a Gamma random
variable when a uniform power distribution is used in the transmitter.
Making use of this distribution in [1], we obtained the average BER
when a ZF scheme is employed at the receiver. With regard to the
MMSE receiver, some expressions have been developed, which are
only accurate for high dimensions [4] or are particularized to diversity-
combining receivers [5]. In [6], the performance is evaluated for large
dimensions in terms of mutual information. None of these works
contemplates the precoder.
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Recently, the distribution of the SINR after an MMSE receiver has
been obtained for the case of a transmit-correlated Rayleigh flat-fading
channel [7]. The authors show that the SINR approaches a Gamma
or generalized Gamma distribution. In this paper, we will make use
of both distributions to obtain the average BER for a MIMO system
that employs M -ary quadrature-amplitude modulation (M -QAM) and
show their accuracy, even for a small number of antennas. We will
compare them to the expressions obtained in [4], which are accurate
for large antenna dimensions, and [8], where the authors also use a
generalized Gamma distribution. However, its parameters are obtained
following a different procedure and assumptions [9], and the developed
expressions are accurate for both large and small dimensions but,
in this last case, only for small signal-to-noise ratios (SNRs), as
shown in [8]. In addition, in [8], the BER is averaged over all the
MIMO transmitted streams, whereas in channels that exhibit high
correlation, the use of a precoder may lead to substantial differences
among the spatially multiplexed streams. Therefore, we present several
approximations that may be chosen depending on the accuracy and
complexity requirements of the adaptation algorithms used to reduce
the transmission power and/or enhance the data rates.
Notation: IN denotes the N ×N identity matrix, diag(x) denotes
a diagonal matrix with the vector x elements in its diagonal and 0
elsewhere, and A† is the conjugate transpose of matrix A.
II. SYSTEM MODEL
Let nT and nR denote, respectively, the number of transmit and
receive antennas. The input is the nT × 1 complex vector
x =
√
PVs (1)
where s is a nT × 1 vector of unit-energy M -QAM data. The unitary
nT × nT matrix V is a linear precoder whose columns define the
signaling vectors, whereas the diagonal nT × nT matrix P determines
the fraction of the available power allocated to each such vector. The
nR × 1 received vector is
y = Hw
√
Rtx + n (2)
where the channel matrix has correlation at the transmit side, ex-
pressed by the transmit correlation matrix Rt, and Hw of dimensions
nR × nT has independent and identically distributed (i.i.d.) circularly
symmetric complex Gaussian entries with zero mean and unit variance.
Finally, n is a zero-mean circularly symmetric complex Gaussian
nR × 1 noise vector.
We define an effective channel matrix as follows:
H = Hw
√
Rt
√
P = Hc
√
P. (3)
Similar to [7], the power matrix is defined as
P = diag ([p1, . . . , pnT ]) , pi = πiγ
nR
nT
, i = 1, . . . , nT (4)
where γ is the average SNR, i.e.,
γ =
E{x†x}
E{n†n} (5)
and πi specifies the fraction of the available power allocated to each
signaling vector (also denoted here as a transmitted stream).
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The MMSE receiver yields at its output z = Gy with
G =
(
nTInT + (HV)
†(HV)
)−1
(HV)†. (6)
Then, the SINR for the kth stream after the MMSE receiver is [10]
SINRk =
1[(
InT +
1
nR
(HV)†(HV)
)−1]
k,k
− 1. (7)
In case precoding is not used, then V = InT , and πi = 1,
i = 1, . . . , nT.
III. AVERAGE BIT ERROR RATE ASSUMING
A GAMMA DISTRIBUTION OF THE
SIGNAL-TO-INTERFERENCE-PLUS-NOISE RATIO
According to [7], the SINRk of each stream (7) can be approximated
by a Gamma distribution as
fSINRk(s) =
sαk−1e−s/θk
Γ(αk)θ
αk
k
. (8)
The parameters of the Gamma distribution (8) can be written as (the
subindex k is dropped hereafter for notational simplicity)
α =
(nR − nT + 1 + (nT − 1)μ)2
nR − nT + 1 + (nT − 1)σ2
θ =
Σ
nR
nR − nT + 1 + (nT − 1)σ2
nR − nT + 1 + (nT − 1)μ (9)
where Σ for the kth stream is
Σ =
1
[R−1]k,k
(10)
with the generalized covariance matrix defined as R =√
PVRtV
†√P. In addition, μ and σ2 must be obtained by
solving the following equations [7]:
μ =
1
nT − 1
nT−1∑
i=1
1
τi(1− υ + υμ) + 1 (11)
σ2
(
1 +
1
nT − 1
nT−1∑
i=1
τiυ
(τi(1− υ + υμ) + 1)2
)
=
1
nT − 1
nT−1∑
i=1
τiυμ + 1
(τi(1− υ + υμ) + 1)2
(12)
where τi are the eigenvalues of R(−k,−k), and υ = (nT − 1)/nR.
R(−k,−k) is the generalized covariance matrix R, with the kth row
and the kth column removed.
Then, the average BER for the kth signal can be obtained as
P¯e(α, θ) =
∞∫
0
Pe(s)
sα−1e−s/θ
Γ(α)θα
ds (13)
where Γ(·) is the complete Gamma function, and Pe(·) is the in-
stantaneous BER function for the corresponding scalar signal, which
depends on the modulation scheme used at the transmitter.
Accurate expressions for P¯e(α, θ) in (13) have been obtained in [1]
for M -QAM as follows.
For 2-pulse amplitude modulation (2-PAM), we have
P¯e =
1
2Γ(α)
[
Γ(α)− 2
√
θ
π
Γ
(
1
2
+ α
)
× 2F1
(
1
2
,
1
2
+ α;
3
2
;−θ
)]
(14)
whereas for 4-QAM, we have
P¯e =
1
2Γ(α)
[
Γ(α)−
√
2θ
π
Γ
(
1
2
+ α
)
×2 F1
(
1
2
,
1
2
+ α;
3
2
;−θ
2
)]
(15)
and for M -QAM, we have
P¯e =
Γ(α)−
√
6θ
π(M−1)Γ
(
1
2
+α
)
2F1
(
1
2
, 1
2
+α; 3
2
; −3θ
2(M−1)
)
1/2 log2(M)Γ(α)
(16)
where 2F1 is the hypergeometric function, i.e.,
2F1(a, b; c; d) =
Γ(c)
Γ(b)Γ(c− b)
1∫
0
tb−1(1− t)c−b−1
(1− td)a dt. (17)
Note that, although M -QAM includes 2-PAM and 4-QAM, the
expression in (16) is an approximation that is valid for high M ,
whereas (14) and (15) are accurate. These expressions are simplified
for the high-SNR regime as follows [1].
For 2-PAM, we have
P¯e ≈ 1
2
√
π
(1 + θ)−α (18)
whereas for 4-QAM, we have
P¯e ≈ 1
2
√
π
(
1 +
θ
2
)−α
(19)
and for M -QAM, we have
P¯e ≈ 1
log2 M
2√
π
(
1 +
3θ
2(M − 1)
)−α
. (20)
IV. AVERAGE BIT ERROR RATE BY GENERALIZED GAMMA
DISTRIBUTION FOR MINIMUM MEAN SQUARE ERROR
It is shown in [7] that the SINR of each stream can more accurately
be approximated by a generalized Gamma distribution as
fSINR(s) =
ξsαξ−1e−(
s
θ )
ξ
Γ(α)θαξ
(21)
with the same parameters α and θ and a third parameter
ξ =
2
(
1− nT−1
nR
+ nT−1
nR
μ
)(
1− nT−1
nR
+ nT−1
nR
η
)
(
1− nT−1
nR
+ nT−1
nR
σ2
)2 − 1 (22)
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TABLE I
AVERAGE BER FROM THE GENERALIZED GAMMA DISTRIBUTION
TABLE II
LOW-SNR AVERAGE BER FROM THE GENERALIZED
GAMMA DISTRIBUTION
with the same μ and σ2 obtained with (11) and (12) and η obtained by
solving [7]
η
(
1 +
1
nT − 1
nT−1∑
i=1
τiυ
(τi (1− υ + υμ) + 1)2
)
=
2
nT − 1
(
nT−1∑
i=1
(
τiυσ
2
(τi(1− υ + υμ) + 1)2
+
(τiυμ− τiυσ2 + 1)2
(τi(1− υ + υμ) + 1)3
))
. (23)
The average BER can be calculated from the generalized Gamma
distribution using its moment-generating function (MGF), as shown
in Appendix A, giving the expressions in Table I. For the low-SNR
regime, these expressions can further be simplified (see Appendix B)
and are given in Table II.
Again, we would like to emphasize that, although M -QAM includes
2-PAM and 4-QAM, the expressions shown for M -QAM in Tables I
and II are approximations that are valid for high M , whereas the
expressions shown for 2-PAM and 4-QAM are more accurate for these
particular cases.
V. NUMERICAL RESULTS
To illustrate the accuracy of the developed expressions, we compare
them with Monte Carlo simulation results in a 4 × 4 MIMO system
with an MMSE receiver, where we assume that the transmit correlation
matrix has elements Rtij = ρ(i−j)
2
that correspond to suburban/rural
environments with small angular spreads at the transmitter [11]. Unless
Fig. 1. Average BER for a 4× 4 MIMO with precoding, several modulations
(represented by modulation order M ), and SNR = 5 and 20 dB. ρ = 0.
otherwise stated, the power matrix P is obtained with πi = 1, i =
1, . . . , nT, and the precoding matrix V contains the eigenvectors of
E{H†cHc} = Rt (3). For a rather general class of channel mod-
els [12], this matrix is, in fact, the capacity-achieving precoder V
when the receiver has perfect instantaneous channel-state information
[channel-state information at the receiver (CSIR)], but the transmitter
has only access to its distribution [channel distribution information at
the transmitter (CDIT)]. This precoder is also shown to be optimal
from an SINR standpoint with a linear MMSE receiver [2].
Fig. 1 shows the average BER of each transmitted stream with
different modulation schemes when ρ = 0 and SNR is 5 dB or
20 dB. The four theoretical expressions here developed are represented
as follows:
1) Gamma approximation (Gamma);
2) High-SNR Gamma approximation (App Gamma);
3) Generalized Gamma approximation (g Gamma);
4) Low-SNR generalized Gamma approximation (App g Gamma).
We can see that, for high SNR, the generalized Gamma approxi-
mation fits extremely well the simulation results (the curves labeled
with Sim represent the four transmitted streams in the 4× 4 sys-
tem), whereas the other three approximations slightly overestimate
the average BER. For low SNR, the fit is not very accurate, but still,
the generalized Gamma gives the best approximation, together with
its low-SNR approximation (App g Gamma). In addition, the values
obtained in [8] are shown in this figure, where we have included
the effect of the precoder. We can see that they are not accurate for
high SNR.
Fig. 2 shows the average BER of each transmitted stream with
quadrature phase-shift keying (QPSK) modulation when ρ = 0.9 and
SNR is varied between 0 dB and 30 dB. For this value of ρ, the BER
of the four transmitted streams get very dissimilar values due to the
different SINRs induced by the precoder, suggesting the importance
of the ability to properly choose the transmitted powers. Because
they are the most accurate and for clarity, here, we only represent
the generalized Gamma and its low-SNR approximation. We can see
that, again, the generalized Gamma produces very close values to the
simulation results for all SNR values. On the other hand, the average
BER obtained in [4] under the normal approximation assumed large
antenna dimensions, and we can see that it is clearly not accurate for a
small number of antennas.
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Fig. 2. Average BER for a 4 × 4 MIMO with precoding, QPSK modulation,
and several values of SNR. ρ = 0.9: analytical versus simulated values.
Fig. 3. Average BER (also averaged over the four transmitted streams) for a
4 × 4 MIMO with precoding, QPSK modulation, and SNR = 20 dB.
Fig. 3 shows the average BER, averaged over the four transmitted
streams, with QPSK modulation when SNR = 20 dB and different
values of ρ. We can see that the generalized Gamma gives a very
good fit for all values of ρ. In [8], correlation is assumed only at the
receiver side; therefore, we should expect it to be accurate only for the
smallest values of ρ. However, even for these values, we can see that
our expressions give a better fit to the simulation results, because [8]
is not accurate for high-SNR values.
The results shown considered a uniform power allocation. In Fig. 4,
the average BER is shown for a nonuniform power allocation example,
where the values of the πi are set to 1.8, 1.2, 0.6 and 0.4; therefore, the
stream that is transmitted through the worst channel is enhanced with
a higher power (i.e., the effect of the channel is somehow compensated
by the power allocation). We can again see a good fit of the analytical
and simulation results.
VI. CONCLUSION
We have obtained analytical expressions for the average BER of
MIMO systems in transmit-correlated Rayleigh flat-fading channels
Fig. 4. Average BER for a 4 × 4 MIMO with precoding and nonuniform
power [1.8 1.2 0.6 0.4], with QPSK modulation and several values of SNR.
ρ = 0.9: analytical versus simulated values.
with or without precoding and with MMSE receivers. These expres-
sions, whose accuracy even for small dimensions has been shown
by comparison with numerical results, can be used to optimize the
transmitter for a given target BER or, in general, as a useful tool for
the system design.
APPENDIX A
AVERAGE BIT ERROR RATE USING A GENERALIZED
GAMMA DISTRIBUTION
The MGF of a random variable S with probability distribution
function fS(s) is
MS(x) =
∞∫
−∞
esxfS(s)ds. (24)
In the particular case of the SINR following a generalized Gamma
distribution fgg(s), we have
1
2
√
π
Mgg(x) =
1
2
√
π
∞∫
0
esxfgg(s)ds. (25)
For 2-PAM, we can see that the average BER of (13) is [1]
P¯e ≈ 1
2
√
π
∞∫
0
e−sfgg(s)ds =
1
2
√
π
Mgg(−1). (26)
Based on [7, eqs. (69) and (70)], P¯e can be obtained, if ξ > 1, as
1
2
√
π
MT (−1) = 1
2
√
π
exp
⎛
⎝α
(
1− (1 + θξ) ξ−1ξ
)
ξ − 1
⎞
⎠ . (27)
In addition, if ξ < 1, we have
1
2
√
π
MT (−1) = 1
2
√
π
exp
⎛
⎜⎜⎝
α
((
1
1+θξ
) 1−ξ
ξ − 1
)
1− ξ
⎞
⎟⎟⎠ . (28)
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The BER of 4-QAM and M -QAM can be also obtained following
the same procedure.
APPENDIX B
AVERAGE BIT ERROR RATE FOR LOW
SIGNAL-TO-NOISE RATIO
At low SNR, the Gamma distribution and the generalized Gamma
distribution are very close. Thus, ξ ≈ 1. Based on [13, eq. (2.6)], we
know that the expectation of e−wtξ under the generalized Gamma
distribution is
E
(
e−ws
ξ
)
=
(
1
θ
)αξ((
1
θ
)ξ
+ w
)α (29)
which, for ξ ≈ 1, becomes
E(e−ws) ≈
((
1
θ
)ξ
+ w
)−α (
1
θ
)αξ
. (30)
For 2-PAM, the average BER is obtained, setting w = 1, as
P¯e =
1
2
√
π
∞∫
0
e−sfgg(s)ds =
1
2
√
π
E(e−s)
=
1
2
√
π
((
1
θ
)ξ
+ 1
)−α (
1
θ
)αξ
. (31)
The BER of 4-QAM and M -QAM can be also obtained following
the same procedure.
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